Whereas for smaller animals the eardrums are well-characterized as excitable membranes or drums, some animals such as several archosaurs feature, as a first approximation, a rather stiff elastic shell supported by an elastic ring. Mathematically, the theory of plates and shells is applicable but its governing equations overly complicate the modeling. Here the notion of tympanic structure is introduced as a generalization of "ordinary" tympanic membranes so as to account for sound perception as it occurs in archosaurs, such as birds and crocodilians. A mathematical model for the tympanic structure in many archosaurs called two-spring model implements this notion. The model is exactly soluble and solutions are presented in closed form and as a series expansion. Special emphasis is put onto offering an easy-to-apply model for describing experiments and performing numerical studies. The analytic treatment is supplemented by a discussion of the applicability of the two-spring model in auditory research. An elasticity-theoretic perspective of the two-spring model is given in the Appendix.
. Left: Evolution of vertebrate hearing systems and animals using ICE. Courtesy of Anupam P. Vedurmudi for the full graphic, adapted from van Hemmen et al. [1] . Right: The elastic shell of a crocodilian (youngster's) eardrum. The black bar sets a length scale of 1 cm. The diameter and height of the shell structure are 8 mm and 2 mm, respectively. The extracolumellar lever is located in the upper right quadrant of the picture. Its geometry resembles a spherical sector. Picture courtesy of Bruce A. Young.
with the interaural cavity, functioning as an acoustic wave guide [7] [8] . The interaural cavity ensures that the membranes' vibrations are not independent but mutually coupled. For neuronally less developed animals, the coupling provides an easy-to-realize mechanism to generate a more precise directional hearing than without ICE; for early attempts at an explanation, see Autrum [9] [10] .
Although the mechanism of internally coupled ears seems in principio universal for numerous animals, the biological realization differs from species to species and animal to animal [1] . Aquatic frogs such as Xenopus [11] employ plate-like eardrums bounding an air-filled cavity whereas several birds, in particular chicken, use a flexible membrane in a cavity filled with, surprisingly, not air [3] . Lizards [5] [6] [12] use flexible membranes connected by a large cylindrical cavity whereas crickets employ, possibly to comply with their exoskeletal anatomy, a complicated tracheal system featuring two membranes connected through a complicated cavity system. The latter is partitioned itself into two symmetric halves by another elastic structure called septum [13] .
An increase in the area covered by the eardrums leads to a lowering of the fundamental frequency in a "clamped membrane model" because the first eigenvalue of the Laplacian (with Dirichlet boundary conditions) scales as the inverse of the square of the area covered by the eardrums. Thus a small eardrum area seems favorable to these animals. Anatomically, these requirements are realized in some archosaurs through a self-supporting spherical shell supported by an elastic ring. In reptiles and birds, an elastic ring occurs far more often [14] in the middle ear than one might naively expect.
The construction is shown schematically in Figure 2 shell or, equivalently, an elastic deformation x r of the supporting ring underneath. The vibration of the ring leads, once the shell is not a hemisphere, to a an excess torque applied to the boundary of the shell and thus to shell bending, x s , and has been incorporated through a coupling of the x r -oscillator to the x s -oscillator through a massless spring of spring constant k 0 .
supporting ring so that the latter is responsible most for the fundamental frequency of the "eardrum". It needs to be constantly borne in mind that the amplitudes are in the nm range whereas the ring has a thickness of mm so that the difference is at least 5 orders of magnitude. Physical auditory research [13] currently lacks both adequate jargon and formalism to capture these phenomena and indicate the direction of useful modeling. This is the gap we aspire to fill with the present treatment.
Tympanic Structures
A tympanic structure is defined to be the (finite) set of elastic elements that 1)
interface the interaural cavity of the animal under consideration with its external acoustic environment, 2) by virtue of mutual elastic coupling of the constituents function as a single elastic structure, and 3) respond in this form at least locally to auditory signals. We call a given tympanic structure N-constituent tympanic structure, if the set of elastic elements in the sense of the previous definition has cardinality N. An elastic element of a tympanic structure is also called a constituent.
D. T. Heider, J. L. van Hemmen [7] for an introductory treatment of sound generated by vibrating elastic struc- ∆ or linear combinations thereof [17] . Let us replace the displacement of the constituents of a tympanic structure by its average
This approximation is called piston approximation [5] [12] . Assuming physical behavior of the full displacement u depending on the temporal variable t as well as the spatial coordinates 1 2 ,, we can apply the mean value theorem of integration. It ensures the existence of a ( )
We now perform a partial Taylor series expansion in the spatial variables
where ( ) 1 2 , , R tis Lagrange's remainder,
The remainder is absolutely bounded from above by firstly applying Cauchy's inequality to the Euclidean inner product. We note that ( ) }   1  1  2  2  1  2  1  2  1  2  1  2  2  2   ,  diam  sup  ,  ,  : , , ,
and that the function inside the integral is smaller than or equal to its maximum modulus. The remainder is now bounded by ( )
In particular, the piston approximation is dynamically accurate, if
Our first assumption is that the above inequality is fulfilled.
Next we define x  and
Since O 0 − ≥ , i.e., O is positive-definite for all practical purposes, we obtain a square of an effective average frequency and an average displacement x  that may be different from x. By inspection of a formal eigenfunction expansion of u, it is seen that , x x ≈ 
if dominantly one eigenmode is excited in the spatial vibration pattern. The dominant biological mode is the fundamental mode, which is most often the excited vibrational mode of elastic structures relevant to auditory processes. The second assumption is that x x ≈  can be utilized as x x =  . That is, only one mode of the elastic structure is excited dominantly.
Effectively, the partial differential equation that would be needed for a full description of one constituent of the tympanic structure can be written in the form of a harmonic oscillator equation,
To derive the two-spring model we will use the following argument: Since the spherical shell is supported elastically by a ring underneath, we only need to store local vibrations of the shell surface in s x .
The displacement of the shell as a whole along the symmetry axis of the ring is equal to the displacement r x of the ring. Figure 2 , on the right.
Two-Spring Model
The deliberations of the previous paragraph are summarized by the governing equations of our two-spring model, Since the tympanic structure is supposed to be at rest in the absence of an incident acoustic pressure signal on the shell, the initial conditions at 0 t = , i.e., 
In practice, a time harmonic signal
proves to give decent results for an incident low-frequency plane-wave-like signal with uniform scalar amplitude 0 p due to a sourced at a position in the acoustic far field. 0 Σ is the area of the equilibrium shape of the shell constituent, ω denotes the frequency carried by the acoustic signal, and φ symbolizes where to place an additive phase to account for directional information stored in the signal.
Solution of the Two-Spring Model
We solve the two-spring model by reduction to a first-order system. Let us de- 
We have employed the following definitions of squares of reduced frequencies: 
d exp ,
d exp
Solution to the Eigenvalue Problem
The matrix exponential requires the solution of the eigenvalue problem for the matrix M and, in particular, knowledge of the zeros of the characteristic polynomial
More precisely, we need the roots of the following quartic equation, 
Damping
It is interesting to note that damping enters directly through the average (18), (19) , (20) , and (21) are pairwise distinct. By a small variation of the parameters within the range of measurement uncertainty, this assumption can be fulfilled trivially. We denote by  the resulting set of the four solutions ω to the eigenvalue problem of the matrix M .
Calculation of the Matrix Exponentials
To obtain s x and r x from (15) and (16), we need to calculate the matrix exponential. The calculation is performed with the aid of Mathematica.
We find
where the sum runs over the four solutions 
Assuming regularity of the input force F and thus of r a and by the assumption of distinctness of the k ω ∈  , the sum and the integral in the solution formulas (26) and (27) 
Needless to say that although the model is simple and captures the physics of a combined movement of the spherical shell membrane due to bending and the elastic deformation of the supporting ring, the solution is somewhat cumbersome.
Numerics & Physical Discussion

Numerical Results
For the numerical simulation we use a time scale with units 
Physical Discussion
The quantity of keen interest to model builders in auditory research is the velocity of the tympanic membrane, or, more generally, of the tympanic structure [13] .
While for geckos and frogs the interaural cavity can be and has been approximated by a cylinderical acoustic waveguide of equivalent volume [3] [4] [6] , the archosaur counterpart has the topology of a, sometimes even higher-genus, torus [21] . In view of ongoing analytic approaches to the study of hearing in "icy" animals, the geometric complexity as well as the number of equations required for mathematical description both necessitate approximations for efficient solu- 
The primary objective of this work is to provide auditory research with a practically applicable model for the tympanic structure of numerous archosaurs.
We discuss a simpler treatment of the two-spring model in Section 4.1.
Approximate Solution
Iterative Solution of the Two-Spring Model
Since the constituents of the tympanic structure-see (11) and (12) . If we are able to find such s x and r x , the existence and uniqueness theorems from the theory of ordinary differential equations guarantee that we have also found the only solution to the inhomogeneous initial value problem. Using the inverse operators (37) and (38), we recast (36) into the equivalent system of integral equations , , , , , 
The indices have been inserted in the definition of the A operators to make the nesting of integrals explicit. They indicate the integration variables in the nested integrals.
For 0 t > , we find the following series representation for the components of ( )
The above expression is not a Neumann series because of the appearance of the nested integrals. It cannot be summed up to a closed-form solution. Recalling the fixed-point argument from above, we see that the maximum norm of the series converges. The regularity properties of , s r x x are the result of smoothness of the input F and the fact that the operators (37) and (38) have smooth integration kernels and thus do not decrease the regularity of their arguments. Equations (41) and (42) can be applied in practice by truncating the series. In the next paragraph, we compare truncations of the series solutions (41) and (42) with the exact solutions of the two-spring model for a given parameter set.
Discussion of the Applicability in Auditory Research
We state the first two iterations. In the notation of the previous paragraph, this corresponds to 
From the phenomenological point of view, the "strength" of coupling can be determined from the ratios max ,
The series solution gradually builds up the coupling between the two constituents of the tympanic structure.
Numerical Results
In order to assess the accuracy of the iterative solution developed in this section, we simulate the Equation (43) and Equation (44), respectively (45) and (46) In each of Figure 4 and Figure 5 , the left column depicts results for the real
The right columns of Figure 4 and Figure 5 show the results for
In the top row of Figure 4 ,
is shown as solid blue curves, while In contrast, the bottom row of Figure 5 shows that, for the specified parame- 
Summary
For the first time in auditory research, we have articulated a physically implementable definition of tympanic structures that generalizes the notion of a tympanic membrane. In the terminology introduced in the main body of the present article, a tympanic membrane is seen to be a special case of the wider notion of "tympanic structure". The case of archosaurs as "icy" animals exemplified the necessity to define a more general notion in order to model the tympanic responses in these animals in a physically meaningful way. Favoring applicability of the ICE model in auditory research over mathematical complexity, the two-spring model has been derived from the piston approximation applied to the elastic constituents of the 2-constituent tympanic structure as observed in numerous archosaurs. Two damped harmonic oscillators, interacting via a Hooke-elastic coupling, were found to account for the combined motion of the tympanic structure. That is, the displacement of the spherical shell membrane of the animals without local bending and bending of the shell.
By numerical simulations with parameters chosen from the expected parameter range, the biologically motivated hypothesis that the overall displacement of the extracolumella is mainly due to uniform, piston-like displacement of the shell as a whole without large contributions due to local bending, could be supported. Only a maximum of 20% of the extracolumella displacement's amplitude was found to be on the part of shell bending in the two-spring model with the chosen simulation parameters.
Because of the length of the analytic solution formulas, a simpler iterative treatment has been developed. Treating the two-spring model as a set of two damped, suitably weakly coupled harmonic oscillators, a Banach fixed-point iteration scheme has been derived. Simulations of the first two non-trivial iterates for the model solutions were performed using the same parameters as in the exact solution of the two-spring model. For sufficiently weak coupling of the two constituents of the tympanic structure, the second iterates were found to be sufficiently accurate and efficient-to-calculate at the same time so as to be favored over the exact solution, if the computational power available is limited. The strength of the coupling is stored in the parameter
, which requires specification through up-to-now unavailable experimental data.
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Appendix
The two-spring model is an effective model, a strong simplification of both biological and mathematical reality. In order to ensure the overall applicability of the model as well as the readability for a less mathematically inclined audience, a more complete, yet mathematically more advanced model, has been postponed to this appendix. Here spheroidal wave functions will appear at the end. Unfortunately, the state of the art in the numerics of spheroidal wave functions obstructs a detailed numerical evaluation while further analytic investigations are ruled out by the non-existence of closed form representations of spheroidal wave functions.
Geometry of the configuration
As explained in the main text, the two constituents of the tympanic structure in multitudinous archosaurs are (1) an elastic sectorial spherical shell and (2) [23] demonstrates that the Equation (51) and Equation (52) reduce to the elasto-dynamic equations, also known as the Navier-Cauchy equa- 2 .
The difference between the iron floor and the elastic ring is that the latter experiences the interface pressure as an additional pressure. We observe that (59) needs no correction, if the piston mode is subtracted from Open Journal of Biophysics . In view of (67), oblate spheroidal coordinates are useful. For their definition, we refer to Spencer and Moon [22] . We need to solve the equations 
The q-dependence of the parameter p in (74) can be specified explicitly, . As of 2017 [28] , no stable computer algebra system seems to be available. As such, more than a specification of the general expression (80) is out of reach.
Elastic ring
Expressing the Laplacian ∆ in (56) in cylindrical coordinates, a restriction to 
